A continuum model of nanowires incorporating surface piezoelectricity is proposed which extends the electric enthalpy energy with surface terms. The corresponding equations are solved by a numerical method using finite elements technique. A methodology is introduced to compute the surface piezoelectric coefficients by first-principles calculations through the Berry phase theory. We provide the e s 33 , e s 31 and e s 15 piezoelectric coefficients of (1010) surfaces for hexagonal wurtzite nanowires made of GaN, ZnO and AlN. The effective piezoelectric coefficient along the axis of the nanowire is found to increase when the diameter decreases, for the three studied materials. Finally, the solution of the continuum model is compared with large-size first-principles calculations on piezoelectric nanowires.
I. INTRODUCTION
Recent experimental studies have evidenced higher performances of piezoelectric nanostructures as compared to bulk materials. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Very recently, Qi and M. C. McAlpine have developed Pb-Zr-Ti (PZT) ceramics nanowires on a polymer and have reported the highest piezoelectric performance.
11 These structures have then attracted a tremendous attention due to potential applications in energy harvesting, [12] [13] [14] [15] [16] sensors, 17 piezoelectric output voltage scale 18 and self-powered nanodevices, 2 among many others.
Piezoelectric coefficients e 33 and e 31 of nanowires can be measured by PFM (Piezoresponse Force Microscopy) and AFM tip [1] [2] [3] [4] (Atomic Force Microscope). Espinosa et al. 9, 10 showed that a giant piezoelectric constant is observed in GaN and ZnO nanowires with very small diameters (about 2.5 nm for GaN nanowires). Another important aspect is the wide band gap of semi-conducting nanowires, which is influenced by surface effects for small diameters. 19, 20 In addition, numerical investigations involving firstprinciples calculations confirm these effects. 19, [21] [22] [23] [24] [25] [26] Following Li et al., 27 Dai et al. 28 evaluated the effects of surface piezoelectricity on ZnO, SrTiO 3 and BaTiO 3 systems by using first-principles and core-shell interatomic simulations.
In this paper, we propose a continuum model of piezoelectric nanowires with surface effects. We extend to piezoelectricity an approach previously proposed [29] [30] [31] for modeling mechanical surface effects in nanowires. A procedure based on first-principles calculations is developed to compute the surface piezoelectric coefficients using slab surface models. A finite element methodology is used to solve the equations of the continuum model for a geometry involving a hexagonal section, corresponding to wurtzite monocrystal nanowires made of GaN, AlN and ZnO. We then compare the values of the effective e 33 coefficient obtained by our model with full first-principles calculations on several nanowires with different diameters to assess the accuracy of the model.
II. CONTINUUM MODEL FOR SURFACE PIEZOELECTRICITY
Piezoelectricity is due to the atomic scale polarization (see a review of electromechanical phenomena in semiconductor nanostructures in reference). 32 It is caused by the non centrosymmetric crystal structure of certain materials, which results in an effective change of polarization in response to an applied mechanical strain.
When considering surface effects in nanostructures, the total energy (enthalpy) of the system can be written as bulk and surface contributions:
where ω b and ω s are the bulk enthalpy density and surface enthalpy density, respectively, while ε and E i denote the strain second order tensor and the electric field vector. We assume the following forms for the energy (enthalpy) density functions:
and
where C ijkl , e ijk , α ij are the bulk elastic fourth-order tensor, the bulk piezoelectric third-order tensor and the bulk second-order dielectric tensor, respectively, while C 
In Eq. (3), ε s and E s are the surface strain tensor and surface electric field vector. In this work, the surface vectors v s and second-order tensors A s ij are defined from their bulk definition through the use of an orthogonal projector operator T ij = δ ij − n i n j , describing the projection on the plane tangent to the surface S at x ∈ S, where n i is the unit vector normal to S at x. Then, we have v
The constitutive equations for bulk and surface can be established from (2)-(3) as
where σ is the stress tensor and D the electric displacement. The polarization vector for bulk and surface, denoted by P and P s respectively, are related to the electric displacement vectors by
where ϵ 0 is the permittivity of vacuum. We can finally express the bulk and surface piezoelectric coefficients as
The effective polarization can be defined as
where E ef f i denotes an effective electric field such that
Then we have, using (1):
From (13) we obtain
Furthermore, by noting that
Thus, we finally obtain
The domain is subjected to Dirichlet boundary conditions, i.e. displacements and potential are prescribed over respective portions of the external boundary of the domain. To solve the problem, the total energy (1) of the system submitted to an applied external force F i and external electric displacement D i , is expressed, in the absence of body forces by
where S F and S D denote respectively the traction and electric displacement surfaces and ϕ is the electric potential. The total energy expressed in (20) is optimized with respect to the nodal displacements and nodal electric potentials associated to a finite element mesh discretizing the domain Ω.
III. FIRST-PRINCIPLES PIEZOELECTRIC CALCULATIONS
The calculations of the piezoelectric coefficients in the framework of periodic Density Functional Theory (DFT) were done using the Berry phase approach. 33, 34 In this method, the piezoelectric coefficients e ik are obtained as
where V is the unit cell volume, the sum runs over unit cell directions, a α being the corresponding unit cell vectors, and ϕ α the Berry phase in the direction α, which is a sum of nuclear and electronic components,
with nuclear part as a simple geometric sum
with the sum running over atoms in the unit cell A and Cartesian components i, B αi being reciprocal unit cell vectors, R Ai and Z A the coordinates and charges of the nuclei, respectively. The electronic part is evaluated by integrating over the Brillouin zone,
where Ω = (2π) 3 /V is the Brillouin zone volume and the sum runs over all occupied orbitals in DFT wave function with u nk being the corresponding Bloch functions.
These total (nuclear and electronic) Berry phases are calculated by CRYSTAL09 code for a set of deformations (we used a total of 11 calculations for each distortion with the deformation parameter ε running from -0.005 to 0.005 with a step of 0.001) and then the derivative of the Berry phase with respect to ε is calculated numerically (actually, we have fitted ϕ as a third order polynomials of ε). This allows calculating the piezoelectric parameters for bulk (3D), slabs (2D) and nanowires (1D) using the same approach.
IV. BULK CALCULATIONS
The three semiconductor systems, GaN, ZnO and AlN, studied here, have wurtzite structure and are tetrahedrally coordinated. This structure has a hexagonal Bravais lattice with four atoms per unit cell (see Fig. 1 ). The geometry is fully defined by the length of hexagonal edge a, the height c of the prism, and by the relative distance u between the two atoms of different type.
For a wurtzite crystal, the piezoelectric tensor has three independent components in Voigt's notation e 33 , e 31 and e 15 = e 24 : the first two components e 33 , e 31 measure the variation of polarization along the axis 3 by a uniform strain in the plane normal to the 3-direction. The third constant e 15 describes the polarization induced 
The strain tensor is characterized in Voigt's notation by the components ε = [ε 1 , ε 2 , ε 3 , ε 4 , ε 5 , ε 6 ]. For wurtzite, the bulk elastic tensor can be expressed by five independent constants: C 11 , C 12 , C 13 , C 33 , and C 44 (see more details in). [29] [30] [31] Bulk elastic parameters have been characterized in many other studies, including our previous papers. 29, 31 In this work, we have also computed the bulk piezoelectric coefficients for GaN, ZnO, and AlN by first-principles calculations in Table I for comparison with other studies. The bulk piezoelectric constants are given by:
where P ab i is the total polarization per unit cell computed by first-principles calculations and V cell is the unit cell volume defined as:
The elastic constants have been evaluated at the atomistic level by first-principles calculations, through the CRYSTAL code, 36 using the PBESOL and PWGGA DFT functionals. For GaN and AlN, the calculations with hybrid PBE0 were also performed. For bulk materials, we also give the B3LYP results. In the present work, 40 Note that the total polarization is calculated using DFT method described above for several values of strains ε k . The derivatives have been evaluated by a polynomial fitting.
For comparison purposes, we present complete results for all three species in Table II , together with previously calculated values and experimental results when available. Nakamura et al. 41 provided experimental results which differ strongly from the other available values reported in Table II . A discussion on this discrepancy is provided by the author in the mentioned paper.
The standard units for piezoelectric constants (pervolume) are C/m 2 . To convert these to per-atom units of 10 −16 µ C×Å/atom, 21 the following relationship is used: 
We have proposed in our previous papers 29-31 a methodology to identify surface elastic parameters associated to an infinitely thin surface from atomistic slab models. In this work, we extend this procedure to compute the surface piezoelectric parameters. As the isolated surface does not exist in nature, we have to proceed via a series of slab calculations with (1010) free surfaces, varying the number of atomic layers (n) in the slab, see Figure 2 . The number of atoms in the slab unit cell is N = 4n. To avoid the ambiguity of defining slab and surface widths, and assuming that surface corresponds to 1 atomic layer (including atoms of both types), we plot the per-atom properties (energy of polarization) as a function of surface atomic weight, w = 2 n where factor 2 comes from free surfaces on both sides of the slab. Assuming additive model, the dependence should be linear, e.g. 
using the fact that surface unit cell contains 4 atoms and has an area of S = ac with a and c being bulk unit cell parameters. In figures 3, 4 and 5, we show the plots of the e 33 , e 31 and e 15 coefficients as a function of w, for GaN, ZnO and AlN materials. We note that the linear model is generally very good with one exception of e 33 coefficient for ZnO. For the latter case, the coefficient e 33 varies very little with slab size and stays close to bulk value. This, most probably, indicates that surface and bulk parameters are practically identical and the variation is caused by numerical errors.
Finally, the computed values of the surface coefficients, using different DFT functionals, are summarized in Table  IV . Note that the values differ significantly from the results obtained by Li et al. 27 and Dai et al. 28 The main reason is the difference between the studied systems. In the mentioned papers the free surfaces considered in the slab model were (0001) surfaces and the sample was stretched in the direction normal to this surface.
Elastic surface properties for ZnO and AlN have been computed in our previous papers. 29, 31 In this work, we also calculated elastic surface constants for GaN. For wurtzite, there are four elastic surface constants C Table III The surface parameters obtained in this way from slab calculations, are then used to model the nanowire parameters. Clearly, for small nanowires, the surface structure can be different from slab affecting the wire properties. However, for nanowires of bigger diameters which are the objects of present continuum model, the difference will show up only at nanowire corners, which represent a small portion of total atoms and can be thus safely neglected. The good agreement between ab initio results and continuum model, as described in next sections, is an indirect proof of the validity of such an assumption. Still, the structure of surface and the corners of nanowire may certainly be of interest and we plan to publish a detailed study elsewhere. Briefly, we found that while the outmost surface atoms of metal are diving into the bulk, the corner atoms are more relaxed and less shifted. 29 To give a brief example: for ZnO surface and using PWGGA functional, the Zn atoms go in by about 0.32Å in slabs (compared to experimental values of 0.45 (LEED), 0.06 (GIXD) and 0.37 (HRTEM)), 42 the central Zn atom on the surface of n = 6 wire goes in by 0.31Å. We also must note that some care should be taken when comparing slab and wire surfaces, as the slab is usually calculated at bulk periodicity while in nanowires the bulk core is somewhat relaxed, see 31 .
VI. COMPARISON BETWEEN CONTINUUM MODEL AND FIRST-PRINCIPLES CALCULATIONS
To compute the effective piezoelectric coefficients, we prescribe a strain along the axis of the nanowire. The problem is solved by the finite element procedure described in section II. The associated bulk and surface polarizations are deduced from Eqs. (7)- (9) and (10) . The effective piezoelectric constant is then computed numerically from (19) . In addition, full first-principles calculations are conducted on nanowires with 48, 108, 192 are the per-atom piezoelectric coefficients for a given nanowire, N atoms = 12n
2 is the number of atoms in the unit cell corresponding to the periodic lattice defining the nanowire model, and V b is the volume of the nanowire defined as Tables V, VI and VII, respectively. Increased piezoelectric effect is observed for nanowires below 2-3 nm, which confirms the results obtained in. 10 We note, however, that a direct comparison with other theoretical results is not easy as it relies on the same definition of nanowire diameter and thus its volume, which is often not the case.
Here we remind that our definition, d = 2(n − 1)a, corresponds to the volume of internal core part of nanowire (12(n−1) 2 atoms) assuming bulk density. This definition is required for consistency with continuum model that considers surface as having zero width but with nonzero elastic and piezoelectric parameters, such as only core atoms contribute to volume. The diameter defined this way is somewhat smaller than 'true' nanowire diameter as surface atoms have nonzero size. This 'true' diameter is however quite difficult to define correctly, because it is unclear what is the atom 'size', and as the electronic density is not uniform. For example, anion oxygen or nitrogen atoms which are less shifted when surface is relaxed, have somewhat bigger size compared to their metal cation counterparts. So, taking diameter as the largest in-plane distance between nuclei is also not quite correct as electrons give important contribution to nanowire structure. In fact, the correct way to compare would be to use the per-atom properties (which though are not defined within continuum model) or, even better, to model the results of real experiments made with nanowires.
In fact, the effective diameter which is somewhat smaller compared to 'true' one (or due to diameter relaxation as concluded in Ref.) 10 is the main responsible for the fast growth of effective nanowire properties for small d. It also explains why for ZnO nanowires e ef f 33 grows for small nanowires while the e 33 parameter of surface is nearly the same (or even smaller) than that of bulk. We must note however that the surface e 31 parameter contributes as well to the value of e ef f 33 for nanowires such as per-atom values do grow (slowly) for small d, even for ZnO. The continuum model allows for computing the nonuniform strain, stress and polarization fields in the nanowire submitted to an arbitrary load, and for arbitrary sizes of nanowires. In figure 9 , we show the polarization field and the distorted surface of a GaN nanowire in absence of load and without electrical field for diam- eters d = 1 nm, 3 nm and 100 nm. We can observe the size effects on both strain and polarization field: for very small nanowires, the residual stress induces a deformation of the surface, while this effect vanishes for larger nanowires. We can also clearly observe a dependence of the local polarization fields on the size of the nanowire.
VII. CONCLUSIONS
We have proposed a methodology for computation of the surface piezoelectric coefficients for ( 1010 ) surfaces and provide the numerical values for wurtzite AlN, GaN and ZnO nanowires. The coefficients can be used within a continuum piezoelectric model extended with a surface energy. We have solved the equations of the continuum model with a finite element technique and compared the results with full first-principles calculations of nanowires with diameters ranging from 0.6 nm to 3.9 nm. A good agreement is found between the continuum and first-principles results for the effective piezoelectric coefficient along the axial direction of the nanowire. For all materials, an increase of the effective piezoelectric coefficients is found when the diameter of the nanowire decreases. 
